Error Propagation in Dense Wireless Networks
with Cooperation

Anna Scaglione
anna@ece.cornell.edu

Shrut Kirti
sk482@cornell.edu

Birsen Sirkeci Mergen
bs233@cornell.edu

School of Electrical and Computer Engineering
Cornell University
Ithaca, NY 14853

ABSTRACT

We study error propagation in wireless cooperative broad-
cast protocols. In our model, nodes in the network are ran-
domly deployed in a fixed region. The message from a cer-
tain source node is relayed by multiple groups of cooperating
relays that are located in predetermined consecutive swaths
of the network area. We refer to these groups of relays as
”levels”. Our analysis is based on the derivation of recursive
equations that express the error rate at each relay in a given
level as a function of the error probabilities of the nodes in
the previous levels. To provide analytical results we take
the limit as the number of nodes goes to infinity while the
relay power goes to zero, so that the relay power density per
unit area is constant. In the limit, we show that the relay
power density and area of the regions that correspond to
the levels lead to fixed points in the error rate that prevent
catastrophic error propagation, regardless of the distance
the message is transmitted over.

Categories and Subject Descriptors

C.2.1 [Network Architecture and Design]: Wireless
communication

General Terms
Algorithms, Performance, Reliability

Keywords

Asymptotic analysis, Cooperative communication, Error prop-

agation, Wireless sensor networks

1. INTRODUCTION

Several papers [1-3], have recently highlighted the benefits
of cooperative transmission for some network operations like
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flooding [4] which are important in sensor networks. In [5-7]
it is shown that cooperation at the physical layer can pro-
vide significant power advantages. In particular, in [5, 6]
it was noted that cooperative broadcast in dense networks
requires a critical power density (total power transmitted
per unit area) asymptotically. If the message is transmitted
with a power greater than this critical power density then
it is guaranteed to reach all network nodes. The other in-
teresting aspect of the analysis in [5,6] is that it shows how
the message is passed from one level of cooperating nodes
to the next, by covering a finite region of the network at
each passage. The analysis, however, does not address the
issue of error propagation because the packets are assumed
to be long enough that the error can asymptotically be set
to zero.

Not many authors have ventured into the analysis of the
error propagation phenomenon in large cooperative networks.
Several authors avoided the issue by invoking information
theoretic limits [2,4]. Others only considered small scale
networks [3,8]. In all cases the expressions are challenging
to interpret. On the other hand, it is quite easy to obtain
scaling laws for non-cooperative multi-hop systems (see Sec-
tion 3.3) and to show that the probability of error degrades
steadily with the number of hops and, thus, with the dis-
tance covered by the message. The obvious question to ask
is if this is also the case in cooperative broadcasting and if
cooperative broadcasting has worse error propagation. Intu-
ition seems to be of little help because in cooperative broad-
casting erroneous signals are mixed with the correct ones at
the physical layer. To answer this question, we consider two
cooperative broadcast protocols similar to the ones consid-
ered in [5,6] (see Section 2) for the case of uncoded binary
transmission. In both protocols contiguous groups of nodes
relay a BPSK modulated message from a source at one edge
of the network to all other nodes in steps. One scheme al-
locates orthogonal channels for all the nodes that cooperate
while the second scheme forces all nodes in each group to
share the same channel. Using techniques first introduced
in [5] for cooperative networks, we analyze the error propa-
gation by using the limit distribution of the received signal
in the asymptotic regime i.e. the number of nodes that
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Most papers that discuss cooperative schemes focus on
performance gains in terms of diversity. Our analysis in-
stead reveals that there are additional advantages that stem



from employing cooperation at the physical layer rather than
using the collision channel model of multi-hop networks or
the orthogonal relay channels that most other cooperative
schemes advocate. We show that if transmissions are added
up at the physical layer, erroneous transmissions do not nec-
essarily lead to catastrophic error propagation and that as
the network size grows, the average error can be controlled
precisely by controlling the size of the cooperative groups
and the power density used in relaying the message. Fur-
thermore, a bandwidth expansion is not necessary to attain
this advantage. The required bandwidth can be kept fi-
nite by using asynchronous cooperation schemes such as [7]
and [9].

The main results of this paper are as follows:

1. We derive equations that allow us to evaluate the av-
erage BER of uncoded transmission in a dense wireless net-
work with two different cooperative protocols.

2. We prove that asymptotically, both cooperative proto-
cols have a bounded average BER at a sufficiently high SNR,
regardless of the distance covered by the transmission. In-
terestingly, the bounds are ~ Q(v/ SN R) for the orthogonal
channel scheme and =~ 1/SNR for the non-orthogonal one.

3. We compare these schemes with each other and with
a non-cooperative multi-hop scheme that covers the same
distance with the same total power resources. We argue that
the cooperative schemes provide better error performance.

2. SYSTEM MODEL

Consider a source node that wants to broadcast its mes-
sage to a certain predetermined region of the network. As-
sume that N nodes are deployed with a random uniform
distribution in this region of unit area. For simplicity, we
will assume that the region is a strip of width W and length
L (WL = 1) and that the source node located at one edge of
the strip transmits with power Ps. We also assume that the
source and relay data are BPSK modulated. The network
region is divided into consecutive areas Li, k = 1,..., K.
For the simple strip model considered:

Ly={(k—1)L/K <z <kL/K,|lyl <W/2},k=1,...,.K

while Lo = (0, 0) is only one point. All nodes that fall within
Ly, form a level k set

Sk={i:(xi,ys) € Li, i=1,...,N}, k=1,..., K.

The source is the only node in level zero ie. So = {i =
0, (zo,y0) = (0,0)}. For our analysis we consider two cases:
a) the case where the cooperative nodes in each level use
orthogonal channels, such as Orthogonal Space Time Codes
(OSTC), or simply TDMA /FDMA or CDMA scheduling; b)
the case where each level uses only one signal dimension and
hence the transmissions are non-orthogonal.

Clearly, in the first case we need a bandwidth expansion
proportional to the number of nodes in the network, in all
cases except OSTC, because we need |Si| channels per level
and each level transmits over a different time slot. Instead,
in the second case, we only require a bandwidth expansion
on the order of the number of levels K, which is compara-
ble to what a non cooperative multi-hop system requires.
In our model we also assume that all nodes in each level
Si transmit synchronously at the symbol level. Since the
events occur in a chain, synchrony at the symbol level can
be enforced if the transmission is narrow-band and by hav-
ing each level estimate the time of arrival of the previous

level packet and retransmit within a deadline from its ar-
rival time. Small scale asynchronism is incorporated in our
model because we assume the presence of fading. In either
case, we assume that the nodes can detect whether the pre-
vious level transmitted a message and what the link gain of
each channel is from a preamble’.

3. ORTHOGONAL TRANSMISSIONS

3.1 Random Finite Network

Assume that the orthogonal channels experience random
flat fading and the link coefficient is 8;; 2 ajie?%/P.1(d;:)
where P, is the power of the relay transmissions. The fad-
ing is characterized by deterministic large scale fading fac-
tors I(d;;) which are functions of the internode distance (d;;)
only, envelopes «;; that may or may not be independent and
random phases 6;; that are i.i.d. uniform in [0,27]. The
latter assumption is justified by the fact that nodes have in-
dependent oscillators and separate RF front-ends. The net-
work is pre-partitioned as described in the previous section
and we assume that the source transmits a BPSK message
with power Ps. Then, for each symbol b transmitted by
the source, the discrete time baseband complex equivalent
model for the corresponding received symbol at the j** node
in S is:

rV = bajoe? "5 \/Pulldzo) + w;, (1)

where oo is the small scale fading factor at node j, 6;o is
the carrier phase shift, w; is a circularly symmetric complex
Gaussian noise sample with zero mean and variance N, djo
is the distance between the source and the j** node, and
1(djo) is the path-loss attenuation function which we assume
to be deterministic (e.g. for the free-space model it is 1/d?0).
Because we assume that the channel gain has been estimated
perfectly by all nodes in the level, the nodes in S1 can use a
coherent detector and the Bit Error Rate (BER) at a node
j in &1 is given by

PO = Q ( 22 Jagol? 1<d,7-o>) ~ @

o

2
where the Q-function is defined as Q(z) = ﬁ fxoo e T dt.

As specified by the cooperative transmission protocol in Sec-
tion 2, the relay nodes in &1 will transmit their decoded bits
over orthogonal channels. Subsequently, the relay nodes in
all other levels will do the same. But not all relay nodes
will decode the bit they received correctly, therefore er-
rors will be introduced into the bit retransmission flow at
the physical layer. Let the orthogonal channel between the
relay nodes i € S, and j € Sgi41) have a channel gain
Bii & ayie?%i\/P(d;;). The received signal at the jth
node in level S¢;41) can be modelled as a vector of symbols
received over individual orthogonal channels corresponding
to the retransmission of bit b from nodes in level Si.. Thus
the received signal can be expressed as:

r =b (8, 0eP) —2 (8,06 0e) +w, (3)
where the operator ® represents element-wise multiplica-
tion, B, is a N x 1 vector (with it" element 8;;) specifying

!Depending on the relay powers, this is actually not always
possible; for further details see [5].



the link gains of all the orthogonal channels in the network,
{w;}; % CN(0,N,), and €* and e® are N x 1 vectors

whose " element is specified by
RO 1 if the i** node € Sy,
i 0 otherwise
(k) 1 if the i*" node in Sy makes an error
e; = .
v 0 otherwise.

For a given network deployment €® is known a priori if

the node clustering is known. However, €™ is random since
the deployment is random. As mentioned in Section 2, we
assume that node j knows the combined vector 8; © e®
without error.

Vector e, which indicates the nodes that make an error
in Sk, is random and unknown to the next level. Information
concerning the statistics of the error vector e®) should be in-
corporated in the construction of the Maximum-Likelihood
detectors at the receivers. However, for ease of analysis we
consider a suboptimal receiver that combines the observa-
tions in r;k'H) using a Maximal-Ratio Combining (MRC)
receiver. Hence, our analysis of the error propagation is
pessimistic. The MRC detector rule is [10]:

k H k+1
#{(s,0e”)" 7 20 @
Let us define
k+1 2 S k
k 2
028,00 =SBl 6
=1

N
k 2 k) (k
vt 2B e ®e(k)H => " 1BilePe”. (6)

i=1

Then the bit error rate of the j** node in level Ly is

(k+1) (k+1)
Z; — 2v;

P = 1j4) = @ | ™
S (k1) No

J 2

where A = 3, €™ and e® for the previous k.

These are the basic equations needed to analyze how the
error propagates through the network; which essentially cor-
responds to evaluating the statistics of the vector €*) oe®.
For different values of k, the vector (e ©@e™®) is a Markov-
chain whose statistics are cumbersome to analyze. Hence,
to understand the behavior of the network we use a com-
bination of asymptotic results that are valid when taking
the limit for N — oo while decreasing the transmit power
P. — 0.

3.2 Continuum Network

In the continuum model we are interested in the behavior
of high density networks with constant sum-power, i.e. the
number of nodes, N, goes to infinity while the total relay
power, P. N, is fixed. This means that the number of nodes
cooperating in each level of the cooperative transmission
increases to infinity, however, the power density in each level
remains finite.

We make use of the following assumptions in our analy-
sis: (a) The positions of all nodes (x;,y;) are independent
and identically distributed (i.i.d.), (b) The small scale fad-
ing coefficients a;j; have unit variance the phases 6;; are i.i.d.

uniform [0, 27], (¢) dji, oy, and 0;; are statistically inde-
pendent Vj, i, and (d) w; is AWGN with zero mean and
variance N,.

In force of all the assumptions listed above, €® and e®
are statistically independent. Under the above stated con-
ditions the following lemma holds:

LEMMA 1. Assume that the network has unit area. In the
asymptote, as N — oo and P, — 0, by fizing limy .o limp,. .o
P.N = P, for every level k > 1 we get the following rela-
tions:

The probability that the j** node, located at coordinates
(z,y) belongs to level Ly is such that

: ()y _ (k) _ [ 1 (zy) € Li,
IJEHOOE{E]‘ p=m (m,y)—{ 0 otherwise (8)

With probability 1, z§k+1) converges to a deterministic value:

Jim Y= D ()
Pr—0

b, // Iz —u,y — v)7™ (2, y)dudv

Pr/ l(z —u,y — v)dudv (9)
Ly

where the integration in the middle step is over the entire
network area and l(x — u,y — v) is the path-loss attenua-
tion function between the nodes at coordinates (x,y) in level

Sk+1 and (u,v) in level Si. By letting im n— oo E{el(.k)} =
Pr—0

") (&, y), the coefficient vj(-kH) tends to the following inte-
gral with probability 1:

Jim oD = (g ) (10)
Pr—0

P, // Iz — u,y — v)p"® (u, v)dudv,
Ly
and for all k > 2:

50 (@, y)

The set of equations above can be solved starting for k = 1

by using:
¥ (a,y) = By {Q ( ivpgvux,y))} (12)

where 7y is the square of the fading envelope |o¢j,~|ej91'i.

v (z,y) = Q (11)

(k+1)

ProoF. For a given N and P,, denote the mean of z;

by M](\f_H). The following holds for k£ > 1:

N
k+1 k+1 k
MED 2 B {0 =S R {8l 0
=1

— fv)rij:l(dji)]E{egk)} (13)

Because the nodes are deployed randomly under a uniform
distribution (see Theorem 1 in [6]) we get

lim MY

— 00

]57"/ l(x —u,y —v)dudv (14)
Ly



By the Law of Large Numbers (LLN), (9) follows. Now let:
¥ (@i, y:) =E {€(k>($i7 yi)} (15)
Arguing similarly for v§.k+l>, ]\7[]<\f+l> S ]Ea{v]<~k+1>} is

MJ(\;HI)

=

N
3ty = s v ECL)

]\}lm M(kH) P, //l(a: —u,y — ) (u, v)dudv.
— 00 Ly

By the LLN this leads to (10). Because Q(z) is a continuous
function, the two results above imply that for k > 2 equation
(11) is valid. O

Hence, what Lemma 1 states is that the expected prob-
ability of error for each value of the coordinates (z,y) is
governed by a set of non-linear difference-integral equations
i.e. (9), (10), and (11). The functions ¥ (z,y) that solve
the equations in each region Ly represent the network error
dynamics. By definition, 0 < 1/J(k)(x,y) < 0.5. To evaluate
the exact behavior of the error propagation across the levels
in the asymptotic regime one must numerically evaluate the
solutions for these equations for every value of k = 1,..., K
(see Sec. 5).

Next, we obtain analytical insight on the error perfor-

mance by finding bounds for * (z, y) for every k = 1,..., K.

Catastrophic error propagation can be avoided if it is possi-
ble to choose Ly and/or P, so that maxy® (z,y) < X < 0.5.
The following lemma shows when and how this is possible:

COROLLARY 1. Assuming that all L cover an equal area,
let:

2P,
o = min // —u,y—v)dudv Vk=1,..., K.
(@,y) Ly,

(16)
Under the same assumptions that lead to Lemma 1, the
worst error probability reaches one of the fired points i.e.

max (1/)(°°>(x, y)) — A, that is a solution of:

A= Qa1 - 21) (17)

A trivial fized point that can be achieved ¥V o is A = 0.5. It
is the only fizxed point for 0 < a < \/g and it means that
for a in the above range, catastrophic error propagation will
occur with probability one. For a > \/g another fized point

exists®:

If " (z,y) is smaller than 3 — ,\/T \/ 74z the worst

error performance will be bounded by the fiz point of (17).

PROOF. Substituting the expressions for §<k)(x7y) and
v®)(z,y) into (11) it is not difficult to see that

max (1/)<k)(:c,y)) <Q (a [1 - Qmax(w(kfl)(m,y))]) (18)

2Note that for o> 1, A = Q(«) is a fixed point.

Existence of Fixed Point : Othogonal Case

Q(a(1-21))

— — — Fixed points
I I

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 1: ) has a fixed point for some values of Q(«)

If we replace max w(kﬂ)(m, y) and max w(k)(x, y) with Ap_1
and M respectively in (18), we get:

A < Q(a(l —2Xk-1)) (19)

which implies that A will tend to be limited to at most one
of the exact solutions of the equation (19).

When A = 0.5 the equality is met no matter what « is.
Because 0 < BER < 0.5 we only need to analyze if another
solution exists in this range. The function Q(a(l — 2})) is
monotonically increasing in this range and is concave be-
cause:

dQ(a(l —2X))  [2a?
dA Ve =

For A = 0 the function Q(«) > 0 for any finite a. Hence,
Q(a(1—2X)) and the straight line have another intersection
point for A < 0.5 if « is such that the point where Q(a(1 —
2))) has tangent 1 is less than A = 0.5 (see Figure 1). The
value of ax for which the phase transition happens is:

_a?a-—2xn)?
2

202
= 7* =1 = Oy = z .
s 2

dQ(ax (1 —2X))
)

A=0.5

For all a > ax = \/g , two intersection points exist: one is
still at A = 0.5 and the other one is for a A > Q(«).
The second intersection point also has to be below the

point Ay where w = 1 where for a > ay it holds

that Q(a(l — 2Xx)) < Ax. Thus for a > /7, Q(a) <
A < Ax. The value of Ay is calculated easily, by solving

2 2
v 202/ exp(f%) = 1 which gives

Ax =05 — 05y/—%1In\/75.

3.3 Comparison with a Non-Cooperative Net-
work

For o > \/g , Corollary 1 shows that the BER over each
level of the cooperative network is going to be bounded.
Suppose that the cooperative physical layer is replaced by
a single node at the edge of each level that can transmit at
the total power of an entire level. Denoting the best point
at each level to forward the message by (zk, yx), the average



BER from level to level is

2P, |8
Pyp—1 =E,, {Q <%’W@l($k — Zp—1,Yk — %-1))}

where 7y is the square of the fading envelope of the ’hop.’
Therefore, the BER for the multi-hop network is

-
BER=1—[] (1 - Per-1) = O(K) (20)

k=1

because BER > 1 — (1 — ming (Pyx—1))~ = O(K) if
ming(Pr,x—1) < 1. This indicates that eventually the er-
ror will grow to 0.5. The comparison made above is not
entirely fair because the cooperative network we analyzed
uses infinite bandwidth whereas the non-cooperative multi-
hop network does not. Below we show that this asymptotic
bandwidth expansion is unnecessary. The low achievable
bounds on the error dynamics we have found above for the
cooperative scheme using orthogonal channels are shared by
a scheme that utilizes an amount of bandwidth comparable
to that of the multi-hop scheme.

4. NON-ORTHOGONAL TRANSMISSIONS

4.1 Random Finite Network

The problem setup is the same as that described for or-
thogonal transmission in Section 3.1 except that the nodes
in the same level are no longer assigned orthogonal channels
for their transmissions. Hence, for every transmitted binary
symbol there will be only one received coefficient per level.
Using similar notation and the same definitions for 3, e®

and e as in the orthogonal transmission case, the sample
received by the j** node in level Ly which corresponds to
a certain binary symbol b is:

T(_k+1) =b (ﬂ;f . E(k)) —Qbﬂ?- (E(k) o) e(k)) +w](_k+1). (21)

J

Note that r*") is a now a scalar quantity and wj(-kH) is
the sole noise sample that distorts the reception of binary
symbol b over the shared cooperative channel. Let us define
(k+1) & QT (k) (k+1) A QT (k) (k)
z; =B € and v; —ﬂj~(e Ge )
Again, assume that during the training phase the receivers

estimate z§k+1) accurately. The coherent detector uses the

following decision rule
E+1)\* k+1
R{(="V)" ) 20 (22)
The bit error rate of the jth node in level Li4q for k > 2 is
2
‘Z](_k+1) _ 2%{2;(“1) .U§k+1)}

2

P (e§.’““> - 1\A) =Q
No

(k+1)
2 |%5

J

(23)
where A = 3, €™ and e® for the previous k.
Once again, rather than analyzing the Markov-chain (e(k)Q
e(k)) for a finite network we analyze its asymptote in the fol-
lowing section.

4.2 Continuum Network

The following lemma holds for a network of unit area.

LEMMA 2. In the asymptote, as N — oo and P, — 0, by
fizing imy o0 limp, .0 P-N = P, we get the following re-

lations - Let limy—o E e§k>} =) (z,1). The probability

Pr—

that the j*" node belongs to level Ly is:

1 (z,y) € Lu,

: (k)y _ (k) _
J\}gnoo Elej " =m 7 (,y) = { 0 otherwise (24)
The coefficients imy_, o0 limp, o (z§k+l), v](-kH)) converge in

distribution to a zero mean jointly Gaussian circularly sym-
metric random variable such that:

VAR (A}LH; z](.k+1)) = ¢® (2 q) (25)
Pr—0
= b // l(z — u,y — v)dudv
Ly
VAR ( lim. vg,’““)) = v (2, ) (26)
Pr.—0

= PT/Akl(x —u,y — v)p® (u, v)dudv

and their correlation coefficient is asymptotically:

(k+1)
. (k+1) (ktDy) _ [V (z,y)
g (ﬁihgﬁ & )) | kD (2, y) @)

PROOF. See Appendix A. [J

The following corollary is used to perform the numerical
analysis for the case of non-orthogonal channels.

COROLLARY 2. The average error rate (23) of level k > 2
is bounded as follows:
1 1

(k)

1
3 (28)

1+ v (1 —x
where v = v (x,y) as in equation (26), € = £ (x,y) as
in equation (25), and G is

L)\ 2
= (1-2%2)
*  _ ’ (=,v)
G(z,y) - . 9 U((k) ) (29)
T,y
L L) (1 —® )

(z,y)

The average error rate for k =1 is given by (12).
PROOF. See Appendix B. [

We now present the main result of this section.

COROLLARY 3. Let a be defined as in Corollary 1. Then
X2 max ™ (z,y) tends to be the fized point of the following
equation:

0.5 2 L

YRR g —
F = VTt 0502 1+




Existence of Fixed point: Non—-Orthogonal Case

0.7 T T T T T T
a=1

f(a, A) given by equation (30)

Figure 2: )\ has a fixed point for some values of «

For a2/2 > 0.618, this equation has only one positive fized
point in the range 0 < A < 0.5. This fized point is:

)
14+4/2+ (1 n a;)
A= : (31)
2(2+ %)
For 062/2 < 0.618, the upper bound on X is 0.5 rather than
equation (31) (see Figure 2). For a>> 1, A ~ 7“;5/5

PrOOF. See Appendix C. [

5. NUMERICAL RESULTS

For both the orthogonal and non-orthogonal transmission
cases we numerically solve the recursive equations that char-
acterize the error propagation in each level. Setting the po-
sition of the source to be the origin, the plots below show
the average BER ¥ (z,0) of nodes located at coordinates
(z,0). For both types of transmission, the BER for level 1
is given by equation (12). For orthogonal transmissions the
BER for subsequent levels is determined by solving equation

(11).

Ps = 40, Prbar = 25, Level size = 2.5, a4 = 2.1316

0.02
o018k Q(a) value obtained by solving equation (17)
o
>
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= 0014
=
e
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Distance from Source

Figure 3: Error propagation in Orthogonal Trans-
mission. Each tooth of the saw-tooth-like function
represents the BER in a separate level.
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Figure 4: Error propagation in Orthogonal Trans-
mission. When a < 1/7/2 there is catastrophic error
propagation.

The numerical evaluation shows that the analytical results
presented in Corollary 1 provide accurate values for the fixed
point. Figure 3 shows that for values of P, and level size such
that o > 4/7/2, the error propagation can be controlled
and the worst error probability, ¥"(z,v), is close to Q(a).
On the other hand, when a < \/7/2 error propagation is
catastrophic. This is shown in Figure 4.

In Figure 5 we plot the average BER as given by equation
(28). Again, if P. and level size are set to values such that
a?/2 > 0.618 then the BER can be controlled. Tt is observed
that upper bound predicted by Corollary 3 is larger than
the fixed point obtained. This follows from the fact that
Corollary 3 is obtained by upper bounding (28).

In Figures 6 and 7 we plot the BER for the orthogonal
and non-orthogonal cases as given by equations (7) and (23)
for different network node densities. In each case the BER
is averaged over several trials to average out the effects of
random Rayleigh fading and the random locations of the
nodes. The figures indicate that the results are consistent
with the BER bounds predicted by equations (11) and (28).

Ps = 40, Prbar = 80, Level size = 0.5, a = 7.8473
0.04 T T T T T T T T T

0.035 \ . (1+sqrt(2))/(12 ]
upper bound predicted by Corollary 3

0.031 1

0.025 -

0.02 -

0.015 b

0.01- 1

Probability of Error ka(x,y)

0.005 7

0 1 2 3 4 5 6 7 8 9 10
Distance from Source

Figure 5: Error propagation in Non-Orthogonal
Transmission. Each tooth of the saw-tooth-like func-
tion represents the BER in a separate level.



Ps =100, Prbar = 25, Trials = 500
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Figure 6: Error propagation in Orthogonal Trans-
mission for different network densities.
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Figure 7: Error propagation in Non-Orthogonal

Transmission for different network densities.

6. FINAL REMARKS

The asymptotic results in Corollaries 1 and 3 show that
not only is the error bounded by the fixed point but that
the fixed point, ), is a nice function of the parameter a?;
where « can be interpreted as the cumulative SNR for each
level. It is evident from Figure 1 that for the orthogonal
transmission scheme the lower bound on the BER, Q(«),
becomes tight for @ > 1. This scheme requires infinite
bandwidth for gaining infinite diversity over the wireless
medium and it nearly matches the performance of a co-
operative transmission scheme over a deterministic chan-
nel i.e. an AWGN channel without fading. In contrast,
the non-orthogonal transmission scheme cannot avoid fad-
ing because all cooperating nodes transmit asynchronously
with respect to their carrier-phases. Here, the BER — 1/a2
which is directly proportional to 1/SNR as one would in-
tuitively guess. This result should not discourage us from
using the non-orthogonal transmission scheme because in
terms of providing a controllable average BER performance
the non-orthogonal scheme is as effective as the orthogonal
scheme. Furthermore, it does not require a bandwidth ex-
pansion because it allows transmissions from all cooperating
nodes to effectively collide, to use networking jargon. The
non-orthogonal scheme is also much simpler to use in a dis-

tributed network setting. To use the orthogonal scheme, the
orthogonal channels have to somehow be assigned between
the cooperating nodes. For the non-orthogonal scheme, on
the other hand, we only require the synchronization of the
nodes to the beginning of the packet they received. By using
multi-carrier and/or spread spectrum transmission in each
level, moderate asynchronism among the cooperating nodes
can be tolerated. In this case, we expect to observe a similar
scaling law for the error rates even if the transmissions of the
nodes in a level are not perfectly synchronized as required
by our simple model.

7. APPENDIX

7.1 Proof of Lemma 2
The proof derives the joint characteristic function of the
random variables lim n— oo (z§k+l>, v§k+1)). In the proof the
Pr.—0
function ®x (f) will be always the characteristic function of
the random variable X, i.e. ®x(f) = E{e 72"/X}.
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Therefore if we take the expectation of the term inside the
exponent, as argued before we can show that:

N
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Let us call Xy the random variable:

N
1 = k k
Xv =5 > ar?Pri(dg)azie; ™ (fir+ fae)?,

i=1

which for the Law of Large Numbers is such that, for an
arbitrarily small § > 0: limy oo P(|Mny — Xn| > §) = 0.
Clearly: ®(f1, fa) = e~ "™N—oc MN _ 5(§). The expression of
®(f1, f2) is that of the characteristic function of two jointly
Gaussian random variables and by inspection it can be veri-
fied that the parameters of the quadratic form limy_.oc My
give the variances and correlation coefficients in Lemma 2.

7.2 Proof of Corollary 2

In the following proof we drop the sub/super-scripts in
expressions where there is no ambiguity for notational con-



venience. From equation (23),
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By utilizing the Gauss1an probability density function of

(k+1) *+1) found in lemma 2, it follows that
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. It is easily shown that
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By substituting these expressions into equation (33) we thus
get,
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7.3 Proof of Corollary 3

After plugging-in the expression for Gk(x, y), equation
(28) [c.f. Corollary 2] can be rearranged as follows:

2 2
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We know that for any given level the following inequalities
are true:
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and from (a) and (c),
20 (x

2
1k (1 - k )> < L 2
14 L) & (z,y) 1+ %
By applying (a)-(d) to equation (36) we get:
VF(z,y) < M

< 1— (1 -2\ 1) 72

2

(37)

By squaring both sides of the above we obtain a second order
equation:

1

2
A2(2+"2>—A—4(1+az)

2

=0 (38)

This equation has a real positive and a real negative root.
Since A cannot be negative, the only solution is as indicated
in Corollary 3. The solution for the fixed point exceeds 0.5
if a?/2 < 0.618. Hence, in this regime the bound becomes
too loose to be meaningful.
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